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We consider the second Re´nyi entropy S(2) in pure lattice gauge theory with SU(2), SU(3) and
SU(4) gauge groups, which serves as a first approximation for the entanglement entropy and the
entropic C-function. We compare the results for different gauge groups using scale setting via the
string tension. We confirm that at small distances l our approximation for the entropic C-function
C(l), calculated for the slab-shaped entangled region of width l, scales as N2c − 1 in accordance
with its interpretation in terms of free gluons. At larger distances l C(l) is found to approach zero
for Nc = 3, 4, somewhat more rapidly for Nc = 4 than for Nc = 3. This finding supports the
conjectured discontinuity of the entropic C-function in the large-N limit, which was found in the
context of AdS/CFT correspondence and which can be interpreted as transition between colorful
quarks and gluons at small distances and colorless confined states at long distances. On the other
hand, for SU(2) gauge group the long-distance behavior of the entropic C-function is inconclusive
so far. There exists a small region of lattice spacings yielding results consistent with Nc = 3, 4, while
results from other lattice spacings deviate without clear systematics. We discuss several possible
causes for discrepancies between our results and the behavior of entanglement entropy in holographic
models.
I. INTRODUCTION
Entanglement entropy has become a heavily studied
field of research in recent years. For example, it is widely
used in quantum information theory, where many other
entanglement measurements, as e.g. mutual entropy, ex-
ist [1], as well as in connection with the gauge/gravity
duality [2]. It can also be used as a universal order pa-
rameter of quantum phase transitions, as it is done, e.g.
for 2+1 dimensional topological field theories, where one
relates entanglement entropy to the quantum dimension
[3].
More generally, in the context of quantum field the-
ory, entanglement entropy can be considered as a counter
of the effective number of degrees of freedom, which is
related to the central charge in two-dimensional con-
formal field theories (CFTs) [4]. Much like the cen-
tral charge, entanglement entropy changes monotoni-
cally under renormalization group (RG) flow, and obeys
a generalization of Zamolodchikov’s c-theorem [5]. In
higher-dimensional field theories, entanglement entropy
can be related to Cardy’s A-function which general-
izes Zamolodchikov’s c-function [6] and which is also
monotonous under RG flow [7–9].
In strongly coupled quantum field theories, the en-
tanglement entropy turns out to be notoriously hard to
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compute from first principles either numerically or an-
alytically unless the models are sufficiently symmetric
or low-dimensional, see e.g. [10] for an overview. In
the light of this difficulty, the AdS/CFT duality offers
an attractive alternative route to calculate it in terms
of the area of minimal surfaces in a dual gravitational
theory [2]. While this computation is a priori justified
only for large number of colors Nc and strong coupling
in N = 4 super Yang-Mills theory, it may still provide
valuable guidance to understand the generic behavior of
entanglement entropy in strongly coupled gauge theories.
Indeed, the computation provided in [11] using a confin-
ing background predicted an abrupt transition at some
l = lc in the dependence of entanglement entropy on the
characteristic size l of the entangled region, at which the
scaling of the entanglement entropy changes from O(N2c )
to O(1). Since the entanglement entropy is expected to
count an effective number of degrees of freedom at energy
scale 1/l [9], the transition from O(N2c ) to O(1) scaling
of the entropy can be interpreted as a transition between
colorful quarks and gluons at small distances and color-
less hadrons and glueballs at long distances. While such
scaling laws at asymptotically short and large distances
can be readily understood in terms of asymptotic free-
dom and confinement, the discontinuous nature of the
transition is a non-trivial prediction for theories with a
Hagedorn-type spectrum, which also include holographic
models.
This non-trivial prediction was taken as a motivation
to analyze the spatial dependence of the entanglement
entropy in pure SU(2) [12] and SU(3) [13] Yang-Mills
theory, approximating it with a Re´nyi entanglement en-
tropy for the sake of numerical convenience. Somewhat
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2surprisingly, there is a qualitative difference in the re-
sults: while [12] seems to show an abrupt transition after
an initial enhancement, [13] is compatible with both an
abrupt and a smooth transition within statistical errors,
but leans more towards a smooth transition.
In this work, we continue this line of research and
present a comparative high-statistics study of the Re´nyi
entanglement entropy in lattice gauge theories with
SU(2), SU(3) and SU(4) gauge groups. Our aims are to
study the scaling of entanglement entropy with Nc and
to check whether the dependence of the entanglement en-
tropy on the size of the entangling region approaches a
discontinuous function at large Nc. Next to better un-
derstanding SU(Nc) Yang-Mills theory, this is of obvious
interest to quantify differences between holographic and
real world gauge theories.
We work with pure SU(Nc) Yang-Mills theory, as al-
ready computing the second Re´nyi entropy to approxi-
mate the entanglement entropy turns out to be compu-
tationally expensive. Owing to this, we are also not able
to exceed a lattice size of 163×32 or perform a continuum
extrapolation1.
We are able to clearly establish the scaling of Re´nyi
entanglement entropy with the number of gluon states
N2c − 1 at short distances. While the transition between
O(N2c ) and O(1) scalings of the entropy at short and
large distances appears to be smooth for our data for
all Nc which we consider (as it should be for a finite-Nc
gauge theory on a finite lattice), we find indications that
for Nc = 4 the entanglement entropy changes faster in
the transition region than for Nc = 3. This supports
the scenario of a discontinuous transition in the large-
Nc limit, in agreement with the arguments of [11] which
predict a discontinuous behavior of entanglement entropy
for any field theory with a Hagedorn-type spectrum.
This paper is structured as follows: we start by re-
minding the reader of basic definitions and properties of
entanglement entropy, also from a holographic perspec-
tive, in section II. In section III, we will recall how one
can measure entanglement entropy on the lattice, approx-
imating it with the second Re´nyi entanglement entropy.
Section IV contains our numerical results, their interpre-
tation, and a comparison between different Nc. Finally
we will conclude and point out possible future directions
in section V.
II. ENTANGLEMENT AND RE´NYI ENTROPY
Intuitively, entanglement entropy measures the quan-
tum correlations of quantum fields in two complementary
spatial regions A and A¯. Hence, we start with a biparti-
tion Σt = A ∪ A¯ of a fixed time slice Σt as shown in the
1 Investigations of the impact of finite volume effects, continuum
extrapolation, and replica number dependence for SU(3) showed
them to be smaller than the statistical error [13].
Σt A¯
A ∂A
Figure 1. The left figure shows the bipartition of a fixed
time slice Σt in regions A and A¯. The boundary between the
two regions ∂A is called entangling surface. The right figure
shows the maximally gauge invariant way of how to factorize
the Hilbert space for a gauge theory [14]. The bipartition is
chosen such that we cut along the links (solid line), because
other possibilites (dashed line) would cut links and thus vio-
late gauge invariance.
left picture of figure 1. Next we write the Hilbert spaceH
as a product space of the bipartition, i.e. H = HA⊗HA¯.
For non-gauge theories this factorization is unique, but
for gauge theories there are ambiguities how to factorize
the Hilbert space. In this work we use the so-called max-
imally gauge invariant way [14, 15]. In this method, one
cuts along the gauge links and then decides to which re-
gion, A or A¯, the link degree of freedom belongs to. This
is visualized in the right picture of figure 1. To measure
the entanglement between the two regions, we take a par-
tial trace over region A and define the reduced density
matrix to be
ρˆA = trA¯ (ρˆ) (1)
where ρˆ = |ψ〉 〈ψ| is the density matrix of the whole
system. The entanglement entropy is defined as the von
Neumann entropy of the reduced system, i.e.
SEE = − trA (ρˆA log (ρˆA)) . (2)
This definition can be generalized to Re´nyi entropies
which are given by [16, 17]
S(q) =
1
1− q log (trA (ρˆ
q
A))∀ q ∈ N, q ≥ 2. (3)
For most systems, as also for the system we will consider,
this definition can be analytically continued to q ∈ R+.
With this, one can show that the limit q → 1 of the Re´nyi
entropies gives the entanglement entropy, i.e.
SEE = lim
q→1
S(q). (4)
We emphasize that computing SEE is hard in Monte-
Carlo simulations due to the logarithm of the reduced
density matrix, whereas S(q) for q ∈ N, q ≥ 2 is relatively
simple to evaluate. On the lattice, it seems most econom-
ical to use S(2) as an approximation for SEE, which can be
motivated, in particular, by looking at the q-dependence
of S(q) in simplified models [18, 19] such as a free mas-
sive scalar field. In this case the l-dependent terms in
3S(q) differ from corresponding terms in the entanglement
entropy by a factor q+12q , see e.g. equation (86) in [19].
For the second Re´nyi entropy with q = 2 this gives a
factor of 3/4. Higher Re´nyi entropies differ from the en-
tanglement entropy even more. On the other hand, the
relative difference between S(2) and S(3) appears to be
less than 10%, which in practice is comparable with the
numerical accuracy of measuring entanglement entropy.
These considerations make it apparent that computing
higher Re´nyi entropies in order to improve the extrapo-
lation to q = 1 would be too costly due to the very mild
dependence of S(q) on q for larger q. We therefore expect
a systematic error of at least 25% due to using the sec-
ond Re´nyi entropy instead of the entanglement entropy.
However, explicit calculations in free field theories sug-
gest that the functional dependence on l is the same in
both cases [18, 19].
It should be noted that the alternative formula
SEE = − lim
q→1
∂
∂q
log tr (ρˆqA)
leads to the same result once the derivative is approxi-
mated as f ′(q = 1) = f(q = 2)− f(q = 1) on the lattice,
i.e. one also measures precisely S(2).
The entanglement and Re´nyi entropies typically con-
tain non-universal UV divergent terms, which have to be
carefully removed in order to access the universal low-
energy properties of the theory. From a theoretical view-
point, extraction of universal UV-finite terms from the
entanglement entropy has been most clearly worked out
for finite and scalable entangled regions, such as the in-
terior of a sphere [9]. For such regions, characterized by
a single dimensionful size parameter l, the universal UV-
finite contribution C(l) to the entanglement entropy can
be extracted as
C(l) = l∂l(l∂lSE(l)− 2SE(l)). (5)
However, for a realistic lattice gauge theory simula-
tion on a square lattice it is practically impossible to
implement a smooth entangling surface such as a sphere.
Smooth surfaces could only be approximated as collec-
tions of polygons, which would lead to a plethora of
additional contributions due to surface edges [20]. In
what follows we will hence restrict ourselves to a slab-
shaped entangled region of width l embedded in a three-
dimensional square lattice of size L with periodic bound-
ary conditions, a geometry which is typically used in lat-
tice gauge theory simulations [12, 13] and which was also
considered in detail in theoretical works [11, 19, 21]. Due
to the periodic boundary conditions in space directions,
the corresponding entangling surface consists of two par-
allel planes and thus has neither extrinsic curvature nor
sharp corners.
Assuming that the lattice size L is reasonably big,
for such a slab-shaped entangled region it is natural to
consider the entanglement entropy per unit area of the
slab surface. Dimensional analysis and semi-analytic es-
timates [11, 19, 21] suggest that at small slab width l the
entanglement entropy per unit area in d = 3 + 1 dimen-
sions behaves as
SEE/L
2 =
A′
a2
− C
l2
+ (finite), (6)
where a is the lattice spacing which sets the UV cutoff
scale ΛUV ≡ a−1 and (finite) denotes UV-finite terms
which do not diverge as a → 0 or l → 0. For quan-
tum field theories with a mass gap, at large l SEE should
approach a constant value.
The coefficient C in (6) is believed to be universal and
similar to the A-function (in the terminology of [6–8]), a
higher-dimensional generalization of central charge of 2D
conformal field theories which serves as a counter of the
number of effective degrees of freedom in a theory. In par-
ticular, it is expected to decrease monotonically along the
renormalization group flow, similarly to Zamolodchikov’s
c-function.
To extract C from the entanglement entropy (6), one
can apply the differential operator l3∂l to the entangle-
ment entropy (6):
C(l) =
l3
2L2
∂SEE(l)
∂l
. (7)
At small l ∼ a C(l) counts the number of degrees of
freedom at the UV cutoff scale (such as e.g. asymp-
totically free gluons in QCD). However, at intermediate
values of l, when finite terms in (6) become important,
the coefficient C(l) defined by (7) acquires a nontrivial
l-dependence and can be interpreted as a counter of the
number of degrees of freedom at scale l. By analogy with
higher-dimensional generalizations of Zamolodchikov’s c-
theorem [6–8] one expects that C(l) would monotonically
decrease with l.
For slab-shaped entangled regions such an interpreta-
tion has only been confirmed by explicit calculations in
free field theories [19, 21] and in holographic models [11].
In this paper we follow [11, 19, 21] and consider C as be-
ing approximately proportional to the effective number
of degrees of freedom, referring to C(l) as an entropic
C-function [12, 13, 22]. We will see that our numerical
results support such an interpretation.
A qualitative analysis of the entanglement entropy for
a slab-shaped region (see e.g. equation (4.5) in [21]) sug-
gests that the term −Cl2 in (6) might also contain an
additional logarithmic factor:
SEE/L
2 =
A′
a2
− C
l2
− C
′
l2
ln(l) + (finite). (8)
In practice, however, it is difficult to extract a rel-
atively small ln(l) correction to the l−2 scaling law.
While one can construct a formal expression C ′(l) =
l ∂∂l
(
l3
2L2
∂SEE(l)
∂l
)
similar to (7) and (5) yielding the co-
efficient C ′ in (8), it yields a very noisy signal upon the
replacement of a second derivative by finite differences,
and is therefore not practical. We thus neglect possible
4ln(l) correction and use the expression (7) to extract the
entropic C-function numerically.
Dimensional arguments suggest that at small slab
width l the Re´nyi entropies (and in particular the sec-
ond Re´nyi entropy, which we actually measure) should
also behave similarly to (6), however, with coefficient C
which is in general different from the one for the entan-
glement entropy. As discussed above, for free field theory
the relative error in C is as large as 25% [19].
Let us note that a wealth of results exist for the scaling
behaviour of Re´nyi and entanglement entropies in lower,
in particular two-dimensional, gapless field theories. The
general lesson to be drawn from these studies is to be
careful with the naive C-function definition (6) and the
usage of the second Re´nyi entropy as an approximation
for the entanglement entropy. As mentioned before, the
coefficient C may vary between the entanglement entropy
and the second Re´nyi entropy in explicit examples (e.g.
[23, 24]) and logarithmically diverging terms may occur
(e.g. [25]). Additionally, so-called “unusual corrections”
were found [26, 27], including oscillations in l. The ne-
cessity to go to large lattices sizes and large l to obtain
a good match with CFT results was pointed out in [28].
In general, accurate results can only be expected when
all of the above corrections are considered [29]. With
this in mind, let us note that gapless lower-dimensional
systems are very special and may or may not reflect the
physics of four-dimensional Yang-Mills theory with a fi-
nite mass gap that we are considering in this paper. Due
to a lack of analytic results concerning the entanglement
and Re´nyi entropies in this case, we are forced to simply
test the prescription (7) against our numerical data.
In holographic models entanglement entropy can be
calculated using the Ryu-Takayanagi formula [2] which
states that entanglement entropy is proportional to the
area of the minimal surface whose boundary coincides
with the entangling region ∂A, i.e.
SholEE =
Amin
4GN~
for Nc →∞ and λ large. (9)
This formula was applied to confining backgrounds in [11]
to find that there exists always a connected and a discon-
nected solution to the equations of motion which one has
to consider to find the minimal area. The connected so-
lution depends on the length l of the subsystem while
the disconnected one is constant for all l. Since these
two solutions do not intersect smoothly we can conclude
that the entropic C-function has a jump at l = lc. At
l < lc C(l) scales as N
2
c (to the leading order of 1/Nc
expansion), while at l > lc C(l) is of order of unity, as
could be expected due to confinement at large distances.
In the next section we discuss how to calculate the
entropic C-function on the lattice.
III. MEASURING RE´NYI ENTROPY ON THE
LATTICE
In this section we will describe how we can measure
Re´nyi entropy on the lattice. This has already been
done for SU(2) and SU(3) pure Yang-Mills theory in [12]
and [13] respectively. Therefore we will only briefly re-
view the method and refer the interested reader to these
publications.
From equation (3) we see that we have to calculate
the trace of powers of the reduced density matrix, i.e.
trA (ρˆ
q
A). A strategy to solve this problem using path
integrals was first proposed in [18], which we will review
in a graphical way adapted to the lattice. We start with
the calculation of matrix elements of the density matrix
ρˆ which we can write as
〈ψ1| ρˆ |ψ2〉 = 1
Z
〈ψ1| e−βHˆ |ψ2〉 =
|ψ1〉
|ψ2〉
.
(10)
In this work, we always refer to the density matrix of
the groundstate, i.e. ρˆ = |0〉 〈0|, which is obtained in the
limit β →∞. We have to understand the picture in this
formula such that we integrate over all field configura-
tions from Euclidean time τE = −∞ to τE = ∞ with
|ψ1/2〉 as boundary conditions. On the lattice, this inte-
gral is discretized and then approximated using Monte
Carlo techniques. With this in mind, we can calculate
the reduced density matrix by tracing over region A¯, i.e.
〈ψ1| ρˆA |ψ2〉 =
∑
|ψ〉
|ψ1〉
|ψ2〉
|ψ〉
|ψ〉
=
|ψ1〉
|ψ2〉
=
. (11)
In the last step, we deformed the lattice such that we au-
tomatically get rid of the sum by identifying correspond-
ing states |ψ〉. It is important to note that the same
number of degrees of freedom label a regular lattice and
a deformed lattice. In particular, the diagonal link in
the deformed lattice carries the same group element as
the middle lower link. This feature will later allow to
compute the derivative in the holographic C-function by
52T
T
T
A¯ A
Figure 2. Visualization of the deformed geometry as it was
already shown in [13]. The periodicity in region A (right,
red) is 2T while in A¯ (left, green) we have two copies with
periodicity T . The crosses, squares and triangles indicate the
identifications which have to be made.
comparing different cut lengths l obtained from the same
underlying lattice configurations.
Powers of the reduced density matrix can be computed
by glueing copies of the above lattices together, i.e.
trA
(
ρˆ2A
)
=
=
=
. (12)
This procedure easily generalizes to arbitrary integer
powers as
trA (ρˆ
q
A) =
Z[A, q, T ]
Zq[T ]
(13)
where Z[T ] is the partition function of a normal lattice
and the partition function Z[A, q, T ] refers to a lattice
which has a temporal period of q×T in A and q subsys-
tems with period T in A¯. Figure 2 provides an alternative
graphical depiction already used in [13].
Using (3) and (13) we can write the Re´nyi entropies as
S(q) =
1
q − 1F [A, q, T ]−
q
q − 1F [T ] (14)
where we used the relation F = − logZ between the free
energy F and the partition function Z. As already men-
tioned, we will approximate the entanglement entropy
by the second Re´nyi entropy S(2). To get an approxima-
tion for the entropic C-function, we have to calculate the
derivative of S(2) with respect to l. We do this by using
the central finite difference approximation, i.e.
∂
∂l
S(2)(l − a/2) ≈ F [l − a, 2, T ]− F [l, 2, T ]
a
. (15)
The term ∼ F [T ] in (14) vanishes since it does not de-
pend on l.
So far, we have reduced the problem of calculating the
entropic C-function to measuring differences of free en-
ergies on the deformed lattice geometry defined above.
Such differences can be calculated using the relation
between the free energy and the partition function and
the Fundamental Theorem of Calculus [30, 31]. Namely,
the difference between the free energies F2 = − logZ2
and F1 = − logZ1 which correspond to the lattice actions
S2[U ] and S1[U ] can be represented as an integral of the
form
F2 − F1 = − logZ2 + logZ1 = −
∫ 1
0
dα
∂
∂α
logZ(α)
(16)
where Z(α) is the partition function which interpo-
lates in some way between Z2 for α = 1 and Z1
for α = 0. The simplest partition function satis-
fying this requirement can be constructed by linearly
interpolating between the actions S2[U ] and S1[U ]:
Z(α) =
∫
D[U ] exp (−(1− α)S1[U ]− αS2[U ]) where∫
D[U ] refers to the path integral over all gauge links
U . Then we can calculate the derivative with respect to
α to obtain
F2 − F1 =
∫ 1
0
dα 〈S2[U ]− S1[U ]〉α . (17)
In this formula 〈·〉α denotes the average with weight of
the interpolating partition function defined above. Com-
ing back to our earlier remark, we note that it was crucial
in the last step that we can interpret the same underlying
lattice data as different cut lengths.
With this procedure, we can calculate the entropic C-
function by the following steps:
1. Generate gauge configurations with interpolating
action
Sint = (1− α)Sl[U ] + αSl+1[U ] (18)
on the deformed lattice (see figure 2). The sub-
scripts l and l + 1 refer to the length of the cut.
2. Measure Sl+1 − Sl on these configurations for sev-
eral values of α
3. Integrate over α by interpolating with cubic splines
to approximate the first derivative of the second
Re´nyi entropy using (15) and (17)
∂S(2)
∂l
∣∣∣∣
l−a/2
=
∫ 1
0
dα 〈Sl+1 − Sl〉α . (19)
4. Calculate the entropic C-functions (7) by
C(l − a/2) = (l −
a/2)3
aL2
∂S(2)
∂l
∣∣∣∣
l−a/2
. (20)
6IV. NUMERICAL RESULTS
We have shown in the previous section how to calculate
Re´nyi entropies on the lattice. In this section we will first
show the details of our lattice calculation and afterwards
we are going to present results for the entropic C-function
in SU(2), SU(3) and SU(4) pure Yang-Mills theory.
To implement the method described in the last section,
we use a standard Wilson gauge action given by
S[U ] =
β
Nc
∑
Uµν
Re tr (1− Uµν) . (21)
We are using a pseudo-heatbath algorithm to update the
gauge configurations. Doing this we have to calculate
the closing plaquettes for the link which we want to up-
date. It is crucial in this step that we carefully choose
the nearest neighbors of the lattice sites due to the non-
trivial lattice topology.
To generate random SU(Nc) matrices we use the
Cabbibo-Marinari algorithm [32]. To avoid autocorre-
lation we wait 100 sweeps between successive measure-
ments. For all sets of parameters we use a lattice of size
N3s × (q ×Nt) = 163 × (2× 16). Since the resolution of
the entropic C-function in l would be very poor if we
only considered one single β value, we have to set the
scale for each lattice and compare results for several dif-
ferent lattice spacings. To do so we use the string tension√
σ as determined in [33] for a range of β values and then
measure everything in units of
√
σ.
The parameters of the gauge field configurations which
we have used in our analysis are summarized in table I.
The numbers in these tables are the numbers of configu-
rations we gathered for each α value.
As mentioned in the last section (cf. equation (20)), we
have to integrate the interpolating action over α. There-
fore, we have to study carefully how many interpolating
points we have to consider. We did this by increasing
the number of points in α and then checking the inte-
gral value for convergence. As in [13] we find that we
need 11 interpolating points for SU(3), but we need 21
for SU(4). For SU(2) we also use 11 interpolating points
instead of the 6 which were used in [12]. The increased
number of α values can be explained by the larger lattice
volume and the, therefore, larger integrand. Besides the
increased computational cost due to larger color matri-
ces, this gives an additional factor of ∼ 2 for Nc > 2 in
computation time.
The entropic C-function which we obtain from our sim-
ulations are shown in figure 3. In these plots, the different
colors and markers correspond to different lattice spac-
ings.
For sufficiently small values of l, the C-function ap-
pears to be approximately constant for all values of Nc.
Since the entropic C-function (7) is defined in such a
way that it yields a constant for non-interacting confor-
mally invariant fields, this behavior could be expected in
the short-distance asymptotic freedom regime where en-
tropy is saturated by weakly interacting massless gluons.
To extract the corresponding constant values of the C-
function, we fitted a constant function to the first data
points where l
√
σ is less than 1.1, 1.3 and 0.7 for SU(2),
SU(3) and SU(4) respectively. We also varied the fitting
range slightly and found a mild dependence. This fit is
shown by the dashed black line with the blue error band.
The constant values and χ
2
/d.o.f. for these fits are given
above and below this line, respectively.
At larger cut lengths l and forNc = 3, 4, we observe the
expected monotonic (within statistical errors) decrease
of C(l) with l down to a value which is compatible with
zero within our statistical errors. This fall-off does not
look like the discontinuous transition predicted by a holo-
graphic calculation [11], but this is expectable for a finite
lattice and finite Nc.
On the other hand, for SU(2) the data looks qualita-
tively different and does not exhibit any clear trend for
l
√
σ & 1. It is striking however that for a√σ = 0.220,
the data points show the expected transition around
l
√
σ = 1.0. One possible explanation of the absence of
a clear trend in the data for other lattice spacings is
that a
√
σ ≈ 0.220 gives only a small window of lattice
spacings where both finite volume and discretization
errors are small enough. For finite volume effects, this
is supported by the temperature on our lattice being
already half the critical temperature for a
√
σ ≈ 0.18
[34], see also [35]. We emphasize that this discussion is
only qualitative so far and needs to be revisited using
larger lattices, which is however outside of the scope
of the current paper. In the concluding section V we
also discuss another possible explanation related to the
different orders of finite-temperature phase transitions
in SU(2) and SU(Nc > 2) gauge theories. To compare
the data points for different gauge groups, we jointly
plot in figure 4 the data for the entropic C-function (6)
for SU(2), SU(3) and SU(4). For a better comparison
across different gauge groups, we rescale the data by
a factor N2c − 1, which is the expected scaling in the
small-cut regime. In order to keep the plot readable,
we no longer distinguish data points with different
values of lattice spacing. For small cut lengths, this plot
again confirms the scaling of entanglement entropy with
N2c − 1.
In order to check whether the transition between small-
cut and large-cut regimes becomes steeper for larger Nc,
as predicted by the holographic calculation [11], we fit
the data to a regularized step function given by
A
[
1
2
+
1
pi
arctan
(
x− C
B
)]
. (22)
The resulting fit with error bands is visualized in figure 4
by the black lines and the fit parameters are given by
Nc A B C
3 0.030± 0.003 −0.328± 0.112 1.422± 0.068
4 0.029± 0.001 −0.132± 0.044 0.997± 0.029
7Configurations for SU(2)
β
a
√
σ
l
2 3 4 5 6 7
2.420 0.245 414, 720 414, 720 1, 708, 280 1, 437, 288 1, 432, 656
2.440 0.228 276, 480 1, 928, 208 1, 808, 640 1, 763, 604
2.450 0.220 172, 800 1, 013, 760 1, 642, 921 2, 582, 780 2, 583, 793 2, 561, 809
2.460 0.213 276, 480 1, 840, 128 1, 826, 752 1, 750, 272
2.500 0.184 172, 800 172, 800 449, 280 829, 440 1, 720, 584 1, 723, 629
Configurations for SU(3)
β
a
√
σ
l
2 3 4 5 6 7
5.700 0.391 44, 976 44, 976 130, 656 253, 056 218, 328 230, 568
5.720 0.374 34, 728
5.740 0.357 34, 728
5.750 0.350 34, 728 34, 728 34, 728 120, 408 208, 080 134, 640
5.770 0.335 34, 728
5.780 0.328 34, 728
5.800 0.314 34, 728 34, 728 34, 728 120, 408 255, 048 134, 640
Configurations for SU(4)
β
a
√
σ
l
2 3 4 5 6 7
11.000 0.215 24, 480 70, 560 93, 600 93, 600 69, 120 184, 320
11.004 0.214 57, 600
11.008 0.214 30, 744
11.058 0.203 26, 650
11.075 0.200 160, 221 115, 200
11.100 0.195 253, 440 253, 440 253, 440
11.112 0.193 30, 744
11.156 0.186 57, 600
11.192 0.180 33, 961
11.200 0.179 103, 680 103, 680 149, 760 357, 120 357, 120
11.300 0.164 11, 520 11, 520 126, 720 126, 720 264, 960
11.398 0.152 31, 704
Table I. SU(2), SU(3) and SU(4) configurations for the used β values and cut lengths l. The numbers are the configurations
simulated for each value of α. To get the total number of configurations one has to multiply the SU(2) and SU(3) configurations
by 11 and the SU(4) ones by 21.
From these results we can calculate the maximal slope
mmax =
A
Bpi which gives
mSU(3)max = −0.030± 0.013 (23)
mSU(4)max = −0.070± 0.025. (24)
While the statistics is not large enough to reach a def-
inite conclusion, we observe a trend towards a steeper
slope at Nc = 4, which is consistent with the scenario of
discontinuous transition in the large Nc limit.
V. DISCUSSION
In this paper, we have calculated the second Re´nyi
entropy S(2) as function of the width l of the slab-like
entangled region in pure SU(Nc) Yang-Mills theory for
Nc = 2, 3, 4 using lattice techniques. S
(2) here serves as
an approximation to the entanglement entropy, which is
hard to compute directly.
We have confirmed that at short distances the UV-
finite part of the entanglement entropy scales propor-
tional to the number of gluon states, N2c − 1. At larger
values of l the entropy drops significantly, in agreement
with the absence of colorful states in the low-energy con-
finement regime. We found that the decrease of the Re´nyi
entropy at larger l is steeper for Nc = 4 than for Nc = 3,
which might be an indication that in the large-Nc limit
the transition between small-l and large-l regimes is in-
deed discontinuous, as predicted by holographic models
[11].
Let us note that since for finite Nc phase transitions
cannot happen in a gauge theory on a finite lattice, we
could not expect a discontinuous transition in our data.
On the other hand, since for sufficiently large lattices the
large-Nc limit mimics the infinite-volume limit [36, 37],
our findings can imply two different scenarios. One possi-
bility is that the entanglement entropy is a discontinuous
function of l for any Nc, but the discontinuity can only be
seen by working on sufficiently large lattices and taking
the proper infinite-volume limit. Another possibility is
that the discontinuity appears only for infinite Nc, since
the predictions of [11] based on the AdS/CFT correspon-
dence and a Hagedorn-type spectrum are strictly speak-
ing only valid in this limit. In this case, a careful study
of even larger values of Nc is required. Needless to say,
one also cannot exclude that the predictions of [11] are
not directly applicable to pure gauge theories, but rather
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Figure 3. Entropic C-function for SU(2), SU(3) and SU(4) (from top to bottom) lattice gauge theories. The black dashed
line with the blue error band is a fit to a constant for the first data points where l
√
σ is less than 1.1, 1.3 and 0.7 for SU(2),
SU(3) and SU(4) respectively. The numerical value with error is given on the very right of each plot. The value below gives
the χ
2
/d.o.f. for this fit.
require supersymmetry.
An interesting observation is that the data for SU(2)
gauge theory appear to be qualitatively different from
that for the SU(3) and SU(4) in that the approximate
entropic C-function extracted from the second Re´nyi en-
tropy does not decrease to zero at large cut lengths, but
rather exhibits a fluctuating behavior without any clear
trend. While this difference might well originate in lat-
tice artifacts, it is also possible that a different behav-
ior of entanglement entropy in SU(2) and SU(Nc > 2)
gauge theories is a physical feature related to the different
orders of finite-temperature deconfinement phase transi-
tions in these theories. It is not unreasonable to con-
jecture that the behavior of entanglement entropy near
critical cut length might be related to the behavior of
thermal entropy in the vicinity of a finite-temperature
phase transition, as both transitions appear to be qualita-
tively similar for theories with a Hagedorn-type spectrum
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Figure 4. The entropic C-function (6) for SU(2), SU(3) and
SU(4) rescaled by N2c − 1, the number of gluons. The fits to
these data are according to a regularized step function (22).
The first three red points (SU(3)) were excluded from the fit
due to large discretization errors, but show a trend towards
the fit in the continuum limit.
of states [11]. In the vicinity of a second-order thermal
phase transition in SU(2) gauge theory one can expect
an enhancement of entanglement entropy and its fluctu-
ations due to the divergence of correlation length [38],
which is absent for first-order finite-temperature transi-
tions in SU(Nc > 2) gauge theories.
For future work, it would be of obvious interest to in-
crease the statistics and perform a continuum limit. Go-
ing to larger Nc may reveal a steeper slope and thus a
more abrupt transition, which our data already hints at.
However, the computational cost to accurately evaluate
the integral (17) increases not only due to the obvious
Nc-dependence, but also due to the need for a finer lat-
tice of α-values at larger Nc. For Nc = 3, 4, this so far
resulted in an additional factor of 2Nc . This observation
makes it questionable whether accurate data at larger Nc
will be available in the near future.
On the other hand, improving our understanding of
the behavior of the entropic C-function for SU(2) Yang-
Mills theory is in reach using moderate computational
resources and certainly interesting to pursue.
Also the holographic calculations of the entanglement
entropy can be brought closer to the lattice setup by
considering corrections due to finite ’t Hooft coupling.
Instead of entanglement entropy, one can also calculate
the Re´nyi entropy within holographic models [39], which
might exhibit a behavior closer to what we have found
numerically.
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